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Abstract

This paper examinesthe elects of income inequality in a risk sharing model
with limited commitment, that is, when insurance agreemerts have to be self-
enforcing. In this context, numerical dynamic programming is usedto examine
three quedions. First, | considerheterogeneily in mean income, and study the
welfare elects when inequality together with aggregateincomeincreases.Second,
subsistenceconsumption is intro ducedto seehow it alects consumption smaooth-
ing. Finally, incomeis endogenizedby allowing householdsto choosebetweentwo
production technologies, to look at the importance of consumption insurancefor
income smaoothing.
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1 Introduction

In low-income village ecanomies we often obsene incomplete markets. Financial in-
struments or formal insurance contracts are often lacking. Howewer, growing empirica
evidencesuggeststhat houselolds ernter into informal risk shaiing arrangemerts, and
achieve same, though not perfectinsurance. The questins are then, (i) how this partial
insurance can be modeled, (i) what are its implications for the consumption and wel-
fare of househads, and (iii) what policies are appropriate in this context. This paper
considersa model where informal insurance is characterized by limited commitment,
in other words, insurance arrangemerns have to be self-enfacing (K ocherlakota (1996),
Ligon, Thomas, and Worrall (2002)). This setting allows us to explan the obsened
partial insurance and shedsame light on the medtanismsinvolved.

Examining informal risk shaing in the context of developing countries is important
for two main reasans. On the one hand, pele living in low-income, rural areas of-
ten face a huge amount of risk. Rewverue from agricultural production is usudly low
and volatile, further, outside job opportunities are often lacking. On the other hand,
Pnancial instruments, or formal, legally enfaceable insurance contracts are often not
available to smaooth consumption inter-temporally or acrossstates of nature. The ques-
tion is then, how can pele in thesekinds of environmerts sanehov mitigate the
elects of risk they face. Growing empirica evidencesuggeststhat househdds achieve
samething better than autarky, but not quite perfect risk shaing (seethe semind pa-
per by Townsend (1994), among many others), by transfers,gifts, quasi-credit, and the
like among relativ es, neighbours, or friends (see,for example, anthropological work by
Platteau and Abraham (1987) and Platteau (1997)). This means that consumption
reacts to idiosyncraic changesin income, but the variance of consumption is lessthan
that of income.

Informal insuranceis modeledin this paper by supposing that contracts have to be
self-enfacing, becaiseoften no authority existsto enface insuranceagreemens in poor
villagesin deweloping countries, while informational problemsare lessimportant. This
approach yields partial insurance, which is consistert with empirica evidence. The
model has a wide range of interpretations. In addition to thinking about househdds in
a village, we may consider menbersof a family (Mazzaoccg 2007), an employeeand an



employer (Thomas and Worrall, 1988), or countries (Kehoe and Perri, 2002).

In this paper an inPnite-harizon model is consideredwith risk-averse househdds,
whose income follows same exogenaus, discrete stochastic process,that is conmmon
knowledge. | concertrate on insurance across states of nature, and ignore savings,
or storage. | look for a constrained-e"cient sdution, maximizing a utilita rian sccial
welfare function subject to resaurce constraints and enfacemen constraints. That is,
it is required that, for each househdd at ewery period and ewery state of the world,
staying in the informal risk shaing contract be better than rewerting to autarky. If
income is independerily and idertically distributed (iid) or follows a Markov-process,
we have the following important property characterizing the sdution: the currert ratios
of marginal utilities between houselolds, and therefare the consumption allocation,
dependsonly on current income redizations and the ratios of marginal utilities in the
previous period. In addition, unlike in the perfect risk shaing case,the allocation in
the limited commitment sdution dependsnot only on aggregate income, but also on its
distributio n. This is becauseindividual income determinesthe utilit y a houselold may
get were shein autarky, that is, her threatpoint. This threatpoint in turn determines
the househdd Osargaining, or dedsion power.

This paper examines the interaction of income inequdity and self-enfacing risk
shaing contracts. To do this, three typesof simulation exercisesare performed in the
context of the model of risk sharing with limited commitment. In all casesl assumethat
only two househdds populate the village ecanomy, and that each househddOsncome
may take only two values, for clarity and computational ease.

First, | consider a OporOhousehdd interacting with a OribOone. The housetolds
have the same isoelastic, or constant-relative-risk-aversicn (CRRA) utilit y function,
and they diler in their mean income, while they face the same amount of risk in the
sensethat the standard dewviation of their income processis the same. | perform a
comparativ e statics exercise: while keepingthe income processof the poor the same,
the mean income of the rich is increased, thereby increasing inequality together with
aggregate and per-cgita income. Note that we do not expect this type of inequdity
to have any adverseelects, sincewhat happensis just that in each state of the world
we give more income to the rich, while leaving the income of the poor unchanged.
Howeer, for sane reasaable parameter values, the poor is worse o! when inequdity



together with per-cegpita income increases. This is in contrast with Genicd (2006),
who emphasizesthe possible positive elects of inequdity, keeping aggregate income
constant. The intuitio n behind my result is that the poor householdOselativ e decision
power decreaesvis-aVvis the rich, thus she can securesmadler net transfersin the
limited commitment sdution. Another way of putting it is that the rich demands less
insurance, she behavesin a lessrisk-aversefashion, thus the rich doesnot value the
contract much. The result warns of the posside adverseconsequencesf inequdity for
the poor even when per-cgpita income increasesin the community, the reasan being
that the poor is more and more excluded from informal insurance arrangemerits.

Secmd, | take just one pair of income proces®s, but OsubsistenceonsumptionO,
or, a Osubstsnce levelOis added. In other words, | suppose decreaing relativ e risk
aversion (Ogaki and Zhang, 2001). The elects of changesin the subsisterte level is
examinedin this example. A higher subsistencdevel makesinsurancemore valuable for
both agents, thusit may make perfectrisk shaing self-enfacing. Hereit is interesting
to look at the properties of the consumption process,since income does not change.
The consumption of the poor bemmeslessvolatile as the subsistenceevel increases,
but she has to sacribce mean consumption to compensde the rich for the insurance
sheprovides. Further, when perfectrisk sharing is self-enfacing, aggregate risk can be
shaed more e"ciently.

Finally, in the last example ecanomy, income in endagenized. In particular, the
possibility to choosebetweentwo production technologiesis introduced, to examine the
consequencesf lack of insurancefor income smaothing (Morduch, 1995). A technology
Is descrilked by the income processit generdes. As in the brst exanple, househdds
have standard CRRA utilit y functions. In two numericd examples,| considertwo types
of heterogeneity in turn, (i) the rich househdd has same exagenaus wedth that yields
a bxedreverue every period, and (ii) the two househdds diler in their risk preferences.
Note that alsoin case(i), the rich beharesin alessrisk-aversefashion. Further, in each
period, househdds may choose between two technologies, an OO, sder technology
with lower expectedvalues,and a OnewQ@iskier, but more probtable technology. | look
at househddsCtechnology choice both with and without informal insurance. In both
numericd examples, when an informal risk sharing contract becanes available, one
househdd switchesto the riskier technology with higher expected probts, in all states



of the world and time periods. This result illustrates the importance of consumption
insurancefor production choices,and the negativ e consequencegigh risk aversian may
have on expectedprobts, for example when househdds living nea the subsistencdevel
are willing to bea very little risk.

The rest of the paper is structured as follows. Section 2 discussessane related
literature. Sectin 3 outlines the model of risk shaing with limited commitment, and
talks about same characteristics of the sdution. An algorithm to numericdly sdve the
modelis descrikedin the appendix. Sectian 4 preseits simulation resultsto examine the
interaction betweeninformal risk shaiing and income inequdity. Sectian 5 concludes.

2 Related Literature

There is a growing literature on informal insurancein rural communities in deweloping
countries. It has beenrecanized that even without formal contracts, househdds enter
into risk shaing arrangemers. In a world with complete information and perfect
commitment, informal insurancewould evenachieve the prstbest, or full insurance,that
Is, the ratios of marginal utilities would stay the samein all states of nature and across
time. This perfectrisk shaing outcome can be imagined as the casewhereincomesare
pooled in the village, and then redistributed accading to sane predeterminedweights.
A number of paperstest the hypothesisof full insurancein low-income village ecanomies
(seeTownsend(1994) for Indian villagesin the semi-aid tropics, Grimard (1997) using
data from Ivory Coast, Dubois (2000) on Pakistan, Dercan and Krishnan (2003a, 2003b)
working with Ethiopian data, Lacz—2005) using Bangladeshidata, and Mazzoccoand
Sani (2007) for India, among others). Perfectinsurance is rejected, but a remarkable
amount of risk shaing is found. Thus a next stepis to think about partial insurance,
how and why househdds achieve sanething better than autarky, but not full insurance.

In modeling partial insurance,we may relax the assumption of complete information
or perfect commitment. Ligon (1998) introduces private information in a dynamic
setting. He derives Euler-equdion type reducedform restrictions to test the private
information model against the alternativ esof full insuranceand the permanert income
hypothesis. Ligon (1998) bnds that consumption in two of the three Indian villages
examined is best explained by the private information model, while in the third village



dilerent househdds seemto belong to dilerent regmes,but most of them are classiped
asbelonging to the permanert incomeregme. Wang (1995) establishessametheoretical
resultsfor the model of risk sharing with private information, and providesan algorithm
to compute the sdution.

The secad approach is to relax the assumptian of perfectcommitment, and instead
require contracts to be self-enfacing. One may argue that this way of modeling partial
insurancein smadl, rural communities is more appropriate, sincehousehdds are able to
obsene what their neighbors are doing and shacks they face (crop damage, or illnessfor
example), but there is no commitment device,like an independen authority, to enface
contracts. In addition, arguably this model is also appropriate when one thinks about
risk shaiing within the family, sincehusband and wife are freeto endthe contract, that
is, they may divorce. Introducing lack of commitment extendsthe standard cdlective
model of the househdd (Browning and Chiappori, 1998) in an interesting way (see
Mazzocco (2007)). Another interpretation is long-term labour contracts, where both
employer and employee may chooseto endthe contract in favour of an outside option
(Thomas and Worrall, 1988). A further application concernsthe interaction between
two cauntries, sincea country may default on its sovereign debt, facing possible ex-
clusion from future international trade and Pnancial contracts (see Kehoe and Perri
(2002)). Shedter (2007) usesthe model to explain the interaction betweena farmer
and a thief.

One-sidedlimited commitment is relevant for principal-agert models, for example
in the case of a contract between an insurance company and an insured, where the
insurance company (the principal) is fully committed, while the insured (the agern) is
not. For empirica evidenceon one-sidedlimited commitment seethe work of Hendel
and Lizzeri (2003) on life insurance,and Crocker and Moran (2003) on hedth insurance.
Two-sided limited commitment is introduced in a dynamic wage contract setting by
Thomas and Worrall (1988). A very important resut they derive is that contracts are
history dependen, that is, past outcomesinRuencetodayOgayols.

Kimball (1988) is the brst to argue that informal risk shaing in a conmunity may
be achieved with voluntary participation of all members. He shaws that for reasanable
values of the discaint factor and the coe"cient of relative risk aversian, househdds
could provide a substantial amount of insurance to one another. Early contributio ns



to modeling risk sharing with limited commitment include Coate and Ravallion (1993),
who introduce two-sided limited commitment in a dynamic model, but they restrict
contracts to be static. Their characterization of transfersis not optimal, once we allow
for history-dependert contracts. On the other hand, Kocherlakota (1996) allows for
dynamic contracts, and proves existenceand same properties of the sdution, but he
doesnot give an explicit characterization. Early empirica evidenceon dynamic limited
commitment is provided by Foster and Rosenzveig (2001). They test the restriction
that there is a negativ e relationship betweenthe current transfer and aggregate past
transfers,and they Pnd same supporting evidence. Anthropological work by Platteau
(1997) also points out the importance of limited commitment in informal risk shaing
contracts. Charnessand Genicd (2006) provide experimertal evidencein support of
the model.

Ligon, Thomas, and Worrall (2002) characterize and caculate the sdution of a dy-
namic model of risk sharing with limited commitment. As aresult, the authors are able
to test in a structural manner the hypothesis of dynamic limited commitment against
the alternatives of perfect risk shaing, autarky, and the static limited commitment
model of Coate and Ravallion (1993). They bnd evidencein support of the dynamic
limited commitment model, using data from Indian villages. In addition, Ligon et al.
(2002) derive a number of theaetical properties of the sdution. In particular, they
look at the elect of changing the discaunt factor, relative income acrossdilerent states
of the world (or dilerent riskinessof the ernvironmert), and the direct pendty faced
by the househdd breaking the agreemen. More risk raisesthe demand for insurance,
while a higher discaunt factor and harsher pendties help to enfarce more risk shaing.!

Attanasio and R’os-Rull (2000) examine the elects of the introduction of an ag-
gregate insurance scheme in a world with informal insurance and lack of commitment.
They shaw, by an example, that aggregate insurance might reducewelfare. The reason
Is that aggregate insurance crowds out informal insurance, becaiseit raisesthe value
of autarky, and in same casesit even crowds out more insurancethan it provides. The

lLigon et al. (2002) assumeno savings. In another cortribution (Ligon, Thomas, and Worrall,
2000) the authors look at the elects of savings, and shaw, by an example, that the possibility to save
may decreasenelfare. In general,it is di"cult to allow for savingsin a model with limited commitment,
since savings enter the enforceability constraints, and | will assumeaway savings as well.



authors also presen same suggestive empirica evidenceon the crowding out of private
transfersby public onesusing data from Mexico, but their approach is reducedform,
and they do not actually usethe theoretical model to predict private transfers.

An important innovation of the above papersis the methodology used to caculate
the sdution of the problem. Ligon et al. (2002) use a Pareto-frontier approach to
Pnd the sdution of the risk shaing with limited commitment model. Attanasio and
R’os-Rull (2000) and Kehoe and Perri (2002) apply a slightly dilerent methodology,
building on the work of Marcet and Marimon (1998). In this approach the sccial
plannerOgproblem is examined. The problem is a di"cult one, since future decision
variableserter into todayOsnfarcemen constraints, thus the problem is not recursive.
However, the weights of househddsQutilities in the sccial plannerOsbjective, equd to
the ratio of marginal utilities in equilibrium, can be introduced as a co-state variable.
With the new (co-)state variable the problem has a recursiwe structure. | usethis later
approach in this paper.

Sane extensins of the model of risk shaing with limited commitment have been
deweloped recertly. Genicd and Ray (2003) consider possble deviations by a group
of househdds in an informal risk shaing arrangement among n househdds. The main
messae of their paper is that the stability of a risk shaing group with respect to
deviations by a smadler group is a complex issue,and there is not much we can sa
in generd. One interesting result is that stable groups are limited in size. Wahhaj
(2006) introducespublic goods, and shows that in this case, private consumption of
a member may increase when the community experiencesan adverseaggregate shock.
He arguesthat this result is consistert with empirica evidenceprovided by Duf3o and
Udry (2003) on intrahousehdd allocation in Cote dOlwire. Dubois, Jullien, and Magnac
(2007) consider both formal and informal contracts. Formal contracts are shat-term,
sohousehdds may complemert theseby self-enfacing, informal ones. The authors use
semi-paametric techniquesto test the model, and bnd that it explains well the con-
sumption of Pakistani househdds. Hertel (2007) considersboth limited commitment
and private information. As a simplibcdion, one househdd receives a bPxed income
each period, while the secad househddOsncome is stochastic, and its redization is
her private information. The author shows that, with additional incomplete informa-
tion, consumption adjusts slovly to income changes, while there still exists a unique



nondegenerde stationary distributio n of utilities .

The literature examining the relation between insurance and inequdity includes
Morduch (1994), who draws attention to the fact that lack of insurancemay exacerbae
poverty. In a simple model, he shows that a lack of consumption credit may lead
the poor to forego risky, but probtable investmert opportunities. Fafchamps (2002)
summaizes same results concerning di! erent concepts of inequdity (income, wedsth,
cash-in-hand, consumption, and welfare) in environmens that diler in the type of
assetsavailable and in risk shaing opportunities. He briel3y talks about the limited
commitment caseas well, and statesthat, the more e"cient risk shaing is, the more
persistert poverty is, and that limited commitment, as a depature from perfect risk
shaing, allows for social mobilit y?. Furthermore, the author talks about the emergence
of patronage in polarized sccieties, meaning that the rich provides insurance to the
poor in exchange for net transfersfrom the poor on average. With positive returns
to assets,patronage is transitory, becausein the long run the poor also accunulates
su“cient assetsto self-insure. If returns are negativ e, patronage reinforces inequdity
in the shat run, while in the long run all wedth is depleted.

Krueger and Perri (2006) explain the fact that, in the United States, cross-sectioal
consumption inequdity has not increasedas much asincomeinequdity, usingthe model
of risk sharing with limited commitment. Howewer, the authors consider ex-ante iden-
tical househdds, only the income redizations diler in a given period, and are perfectly
negativ ely carelated. In this setting, what they actually shaw is that thereis partial in-
surance. Partial insuranceimplies, by depPnition, that consumption is lessvolatile than
income across states of the world, which is equivalent to there being lessconsumption
than income inequdity in the cross-gction.

Genicd (2006) examinessimilar issuesas the presen paper. The author considers
the model of risk sharing with limited commitment as well. Shearguesthat (i) in same
caseswedth inequdity may help risk sharing in the sensethat perfect risk shaing
is possiblein a wider range of cases,and that (ii) total welfare may increase with
inequdity, keepingaggregate, or per-caita, wealth3constant. On the modeling side,

2Note that Fafchamps (2002) debneswelfare inequality asthe ratio of marginal utilities, sothere is

no social mobility in terms of welfare in the perfect risk sharing case by definition.
3Note that in this context, Oincome@nd OwalthOare essetially the same, meaningthat we think



an important shatcoming of the paper is that it only considers static contracts, which
have beenprovennot to be constrained-e"cient in the dynamic case. The presen paper
allows for history-dependen contracts.

3 Modeling Informal Insurance

This sectilm presens the basic model. First, we look at perfect risk sharing as a
bendimark. Then, limited commitment is introduced, requiring contracts to be self-
enfacing. The context is a stochastic, dynamic framework with common beliefs, and
egoestic, risk-aversehousehdds consuming a private, perishable good.

For the sake of clarity, let us consider a village, or community, of two househdds.
Extending the model to n househdds is straightforward*. The househdds live in an
uncertain ervironmert: their income redizations are unknown ex ante. Income rediza-
tions are conmon knowledge ex post. As a consequencethey might chooseto insure
through a formal or informal agreemern against variation of incomes. Risk shaing can
thus be debnedas follows. OAwy two [househdds] may be said to share risk if they
employ state-contingert transfersto increasethe expected utilit y of both by reducing
the risk of at least one.O(Ligon, 2004)

In sectian 3.1, | descrikethe model of perfectrisk shaing. Formally, househdds may
sign an enforceable contract in period O, in other words, we assumefull commitment,
and that income redizations are obsenable by both agents and veribable by a third
party. In sectin 3.2, househdds still obsene the income redizations, but they cannot
sign formal insurance contracts. Only informal risk shaing arrangemeris are possible
instead, meaning that at each period and each state of the world, it is required that
both househdds respect voluntarily the terms of the agreemer.

of both asan amourt that is consumedin the current period. In other words, wealth meansthe bxed

revenue from assetsthe householdowns in ead period, rather than the value of assets.
4The theoretical properties can easily be extendedin both the perfect risk sharing and the limited

commitment case. The algorithm to compute the solution also logically extends to n households,
howevwer, in the limited commitment case,computation time might be prohibitiv e with n large.
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3.1 Perfect Risk Sharing

Let usconsidera dynamic model of risk shaing. Assumethat the ecanomy is populated
by two inbnitely-lived househdds, indexed1 and 2. Their preferencesre identical, and
sepaable over time and acrossstates of nature. The utilit y function u () is debPnedover
a private, perishable consumption good c, and it is assumedto be monotone increasing,
strictly concave (so househdds are risk averse),and twice continuously dilerentiable.
Househdds live in an uncertain environmert, and income of each individual y; follows
same exogenaus discretestochastic processthat is common knowledge. In other words,
beliefsabout the distribution of the state of nature, or the Oincme stateO(th e vectar
(income of 1, income of 2)), are homogeneas. In mathematical terms, each agert i
seeksto maximize the following von Neumann-Morgensternexpected utilit y:

Eo! 'u(ci), (1)

where Eq is the expected value at time O caculated with respect to the probability
measure describing the conmon beliefs,! " (0,1) is the discaint factor, and c; is
consumption of househdd i at time t. | concertrate on insurance acrossstate of nature,
and assumeno savings, or storage.

Let s; (with alowerindext) dende the incomestate at time t, and st = (S1, S, ..., St 1, St)
(with an upper index t) the history of income states up to t. Let us brst consider au-
tarky as a bendimark. In autarky, each househdd consumesher own income in every
state and ewery period, sincethere is no possibility to save or borrow. In this case,
househdd i receivesthe following expected lifetime utilit y:

Z () ufyi () @

where" (s!) is the probability of history s' occurring, and y; (s!) dendes the income of
individual i at time t when history s' has occurred.

Now, supposethat househdds may sign an enfarceable risk sharing contract. A risk
shaing contract specibedransfersthat may depend, a priori, on the whole history of
income states s'. Thetiming isthe following. At time 0, a risk shaing contract may be
signed, then, at time 1 and each subsequet period, the income state is redized, then
transfersare made accading to the contract, and Pndly, consumption takesplace.
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First, the properties of the contract are descriked, giventhat it is signed. Then, we
examine under what conditions agerts are ready to actually sign the contract at time
0, in other words, we look at the ex-ante participation constraints.

In the presenceof complete information, that is, in each period each househdd
perfectly obsenesthe other househddOsncomeredization, and under full conmitment,
the ex-ante Pareto-optimal allocations can be found by consideringthe sccial plannerOs
problem. The sacial plannerOsbjective is to maximize a weighted sum of househddsO
lifetime utilities,

max 3" # ;Z”" ($)u(a(s)), ©)

{ci(sh)} i

where #; is the weight the sccial planner assigis to househdd i, and ¢ (s') dendes
the consumption of individual i at time t when history s' has occurred; subject to the
resaurce constraint

doa(s)# > wl(s), (@)

|
for all histories s'.
The Lagrangian is

Sy ) [Cau @) s@) (Tr@sal)| o

where I''"" (s') $(s') is the multipli er on the resaurce constraint at history s'. Note
that we can reversethe order of the summaion signs becaiseof two properties, (i) the
linearity of the expectedutilit y function, and because(ii) the sccial plannerOsbjective
is additiv e in househddsQifetime utilities (utilita rian sccial welfare function).

The prst order condition for househdd i, if history s' has occurred, is

#U* (G (s) = $(s) 6)
Combining the brst order conditions for the two househdds at history s', we have

u(ea () _ #2 g, _
HQE) Yo Xo = Cste, (7)
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whereX, is the (initial) relative weight assigied to househdd 2.

Equation (7) indicates that the ratio of marginal utilities is constant across states
and over time in the caseof perfect risk shaing (Wilson, 1968). (7) is also cdled the
Borch rule. Dividing the Prst order conditio ns across periods yields

uf(cu(sY) — uf(c(sh)
ufca(st 1)) uf{c(st )’

which means that the growth path of marginal utilities of all househdds is the same.

&S'[ ' St! 1, (8)

Note that the expectations operator doesnot appea in this condition, which is the
hallmark of full insurance.

Equations (7) and (8) give usthe three major implications of e"cient risk shaing in
this framework. First, the (relative) Pareto weight X, is constant acrosstime. Secad,
the consumption allocation at time t dependsonly on s;, the income redizations at
time t, and is independen of the history of income states s . Third and moreover,
the consumption allocation, dependsonly on aggregate income, and is independen of
the distributio n of income. Income pooling together with the constant relative weight
determinethe consumption of each agernt, and assureex-ante Pareto e!ciency .

To summaize, the consumption allocation at time t, giventhe current income state
st, only dependson aggregate income y;(st) + Y2(St), and the relativ e weight the sccial
planner assigis to househdd 2, xo, which pins down a point on the Pareto-frontier.
Denae c(st,Xg), I = 1,2, the sdution to (7) and (4), noting once again that the
sdution ¢ () only dependson s, and is independert of s'' 1. ¢(s;,Xo) is caled the
sharing rule.

Clealy, an ex-anteparticipation constraint shauld also be saisbed,that is, at time
0 it must be that the expectedlifetime utilit y for each househdd signing the contract
is at least as high as in autarky. Tednicaly, this implies that sane points of the
Pareto-frontier, or same xoOscannot be attained under the risk sharing contract.

To introduce the participation constraints, we have to caculate each agentOsex-
pected lifetime utilit y at the momen of contracting, and make surethat it is greater
than the expectedlifetime utilit y under autarky. Assumingthat the income state fol-
lows a Markov-processallows us to expressagentsQlifetime utilit y recursiwely. This is
becausewith the Markov assumptian, the current state s; tells us everything we need
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to know about the income processin the past. In mathematical terms, the conditional
distribution of the income state at time t + 1 only dependson the redization of the
income state at t, and not on the whole history.

The Bellman-equdion can be written, whenthe state of the world is s;, as

Uiaut (st) = u(yi(s)) +! Z" (St+1 | St) Uiaut (St+1) 9)

St+1

whereU! (s,) is the lifetime utilit y, or welfare, of househdd i in autarky, giventodayOs
state s;, or, in other words, U2" () is the autarkic value function; and " (s+1 | St) isthe
conditional probability of state s;+; occurring tomorrow if state s; occurstoday, which
is common knowledge. U2 (s;) can easily be found by successig iteration using the
contraction mapping property of the Bellman-equdion.

Supposethat the unconditional distributio n of the income state at time 1 is known.
Now, we may also compute the expected lifetime utilit y for agert i at time 0, when the
risk sharing contract may be signed. Ex ante, at time 0, the expectedvalue of autarky
for agent i, dended EUA" is

EUiaut - EOUiaut (Sl)

Let usnow turn to caculating the lifetime utilit y of househdd i in the caseof perfect
risk sharing, like we did for autarky. Assumingonce again that the income processis
Markovian, we have a recursive problem. The value function of agert i at state s; and
with weight Xo, in the caseof perfectrisk shaing, can be written recursiwely as

UP"™ (st,Xo0) = U (G (St, Xo)) + ! Z " (St | 1) UP"™ (Ste1,X0) (10)

St+1

where UP"™® (s, Xo) is the value of the inbnite consumption stream in caseof full insur-
ance, given todayOstate s; and relati ve weight xo. As the autarkic utilit y, the value of
perfect risk shaing can easily be found by successig iteration.

Given xg and the unconditional distribution of the income state at time 1, the
expected value of the full insurance sdution for agert i is dended EUP"® (xo), and is
given by

E UiprS (Xo) = E()Uiprs (St, Xo) .
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At last we may return to the ex-ante participation constraints. Sowe require that
EUP™® (xo) ( EUA, &, (11

that is, the value of the perfect risk shaing allocation must be as great as the value
of autarky. (11) rules out for example that one agent makes a transfer to the other
whichewver income state occurs. For all xo sud that (11) is saisbed,a contract ensuring
perfect risk sharing is signed at time O, and is implemerted in all subseqient periods.
For other x,O®ne agert prefers to stay in autarky, thus no insurance contract is signed.

3.2 Risk Sharing with Limited Commi tment

In this sectiln we consider the case when agerts are unable to commit, and there is
no authority to enface risk shaing contracts either, building on Attanasio and R’os-
Rull (2000), Kocherlakota (1996), Ligon, Thomas, and Worrall (2002), and others.
The objective (3) is maximized, subject to the resairce constraints (4), and additional
enforcement constraints. At each time t, after each history s'®, and for i = 1,2, the
following inequdity must be saisbed:

D2 (S s ula () (UM (s, (12)
r=t sr
where" (s' | s!) is the probability of history s" occurring giventhat history st occurred
up to period t (r ( t).

In words, (12) means that each househddOsexpected utilit y from staying in the
informal risk sharing contract must be greater than her expected utilit y if shedeviates
and consumesher own income theredter. This condition is basedon the assumptian
that if one househdd deviates, the other househdd doesnot erter into any risk shaiing
with her any more. Note that reversin to autarky is the most seere subgame perfect
punishmert in this ervironment (Abreu, 1988). We might cal reversian to autarky a
trig ger strategy, or the breakdown of trust. We may also call (12) an ex-post participa-
tion constraint, meaning that it requireseach agert to voluntarily OgnOthe contract
after any redization of the history of states. Obviously, this is a stronger requiremern

5| speak about histories again, to write the basic model in a generalform.
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than the ex-ante participation constraints that haveto be saisbedin the caseof perfect
risk sharing.

Notice that adding the constraints (12) substantially complicates the analysis, be-
cause future decison variables erter into todayOsenfacement constraints. Thus the
problem at hand no longer has a recursiwe structure, even with a Markov-processas-
sumption on incomes,and the whole history of states might matter. Following Marcet
and Marimon (1998), Attanasio and R’os-Rull (2000), and Kehoe and Perri (2002), |
reformulate the problem. By adding a co-state variable, in particular the relativ e weight
in the social plannerOgroblem, or, in other words, the ratio of marginal utilities, the
problem can be written in a recursive form.

Dending the multiplier on the enfarcemen constraint of househdd i by " (s!) ; (s'),
and the multiplier on the resaurce constraint by !'*" (s') $(s') when history s' has oc-
curred, the Lagrangian is

Ser S ! (SH [ #iu (g () + (13)
R () (D D 1M (ST I 9) u(G (7)) $ U (sh)) +
+$(sH) (X, v (s $ 6 (sH)]

The Lagrangian can also be written in the following form:

Ser S (SO Mi (! Hu(g (sh) + (14)
+H(s) (UG (8) $ U () + $(s) (X Yi () $ G ()]

where M; (s') = M; (s 1) + pi (s!) with M; (s®) = #. In words, M; (s!) is the ini-
tial weight on agernt i plus the sum of the Lagrange multipliers on her enfacemen
constraints along the history s.

The Prst order condition with respectto ¢ (s') is

1 (s M; () uf(c (s') $ $(s') = 0. (15)
We also have standard Prst order conditions relating to the resaurce and enfacemen

constraints, with complemenarity slacknessconditions. Combining the brst order con-
ditions (15) for the two househdds for history s' at time t, we have

16



u(cy (sY) _ Ma(s) _ Hat (s) + M2 (8) + ...+ Ha(S)
u(ca(s))  Ma(sh)  Hi+ pa(sh) + Hi(s) + .+ pa(sh)
where x (s!) can be thought of as the relative weight assigned to househdd 2 when

%X (s'), (16)

history s' has occurred. Notice that, unlike in the perfect risk shaing case, where
K (s") = 0,&, &', in the case of limited commitment, the relative weight x (s') will
vary over time and across states. We would like to keepx constant (as in brst best),
but whenan enfacemern constraint binds, we cannot do that. Howewer, intuitiv ely we
will try to keepx (s'), for all st' s 1, ascloseas posside to x (s" 1).

The relative weight x (s'), debnedin (16) is usedas an additional co-state variable
in order to rewrite the problem in a recursive form. This idea is due to Marcet and
Marimon (1998). To dothis, supposeonceagain that the state of the world with respect
to income follows a Markov process,so that we may write " (st | s'" 1) = " (s; | su 1).
Still, the current income state s; doesnot tell us everything we needto know about the
past, only (s, Xy 1) does,wherex;, ; is the relative weight inherited from the previous
period. Denae X; the new relative weight we have to bnd at time t. We are looking
for policy functions for the consumption allocation and the new relative weight, with
support over the extendedstate spece (s, Xy 1), that is, we want to know ¢ (s, Xy 1),
&, and x; (s, Xy 1). At last, the value functions can be debPnedrecursvely as

Vi (st Xu 1) = UG (SuXu 1) + 1Y " (St | SO VSt X (S Xu ). (17)

Sts1
Wemay alsocadl ¢ (s, X 1) the sharingrule. Note that sincepoliciesand valuesdepend
on Xy 1, the contract is history degendent

Numericd dynamic programming allows us to sdve for the consumption allocation
and lifetime utilities, given the income processesutilit y functions and discaunt rates
for the two househdds, and the initial relative weight in the sacial plannerOsbjective.
The appendix explains how in details. The next sectian usesthe algorithm to generae
comparativ e static reaults to examine issuesrelated to the interaction of inequdity and
informal risk shaing contracts.

What are the properties of the sdution? First of all, it is easy to seethat, if
the discaunt factor ! is su”ciently large, then the perfectrisk shaing sdution is self-
enfacing for same x,Ogfolk theorem), while if ! is su"ciently smal, there does not
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exist any non-autarkic allocation that is sustanable with voluntary participation. Now,
supposethat there existsa non-autarkic sdution, but the brst bestis not self-enfacing
for any Xp.

The limited commitment sdution can be fully characterized by a set of state-
dependen intervals on the relative weight of househad 2, or ratio of marginal utilities,
X, that give the possiblerelative weights in a given income state. Note that there is
a one-to-one relationship betweenthe relative weight and the consumption allocation,
given the income state (see(16)). Theseare optimal intervals, meaning that they cor-
respond to optimally chosenfuture promised utilities as well. Oncewe have found the
intervals we know everything there is to know about the sdution. Dende the interval
for state s by [x5, X®].

Supposewe have inherited same x;, ; from last period, and today the income state
is s. X; is determinedby the following updating rule:

X3 if X1 1 > XS
Xe = 4 Xp1 i Xp" [X5,X%] (18)
xS if Xy < Xx®

To seehow this works, suppose that the two househdds are identical ex ante, u() =
log(), and their income may only take two values,y" (high) or y' (low), with y" > y' > 0.
There are four income states, hh, hl, Ih, and Il, where the brst argumert refersto
househdd 10sincome, and the secamd to househdd 20sincome. Suppose that the
intervals overlap, exceptfor states hl and Ih, sox™,x!' > x'" > 1> x> xh x!! 6
Take xo = 1, sothe two agerts have equd weights in the social plannerOsbjedtive.
Now, supposethat at time 1 the state is hh. In this case, x can be kept constant,
becausel” [x"™,x"™], sox; = Xo, and no transferis made. Supposethat at time 2 the
state is Ih. We cannot keepx constant any more, because househdd 2 is not willing
to shae aggregate income equdly (shewould prefer to revert to autarky instead), her
enfacemen constraint is binding. We setx, = x'" > x;, agert 2 is making a transfer,
but not as large as shewould in the perfed risk shaing sdution. Suppose that at

6Take the numerical example from Ligon, Thomas, and Worrall (2002), that is ' = 1 and y" = 2,
and supposethat the discourt factor § = 0.95. Then the optimal intervals are [z"",z"" ]| = [2', 7] =
[0.934,1.070], [z",z"] = [0.5,0.961], and [z'",7'"] = [1.041,2], sothe Al and Ik intervals do not
overlap, but both overlap with the interval for the symmetric states.
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time 3 the income state is hh once again. But, unlike at time 1, now we would like to
setxz = X, > 1. We can do sq sincewe have supposedthat the hh and Ih intervals
overlap. Notice that we are in a symmetric state, the incomesof the two househdds
are equd, but househdd 1 is making a transferto househdd 2, becauseof the history
dependene of the contract. In this way househdd 1 partly reciprocates the transfer
shegot in period 2, sorisk shaing with limited commitment has a quasi-cedit elemen
(Fafchamps, 1999). Now, supposethat at time 4 the state is hl. The best we can do
is to setxs = X". Now househdd 1 is helping out househdd 2, who has a bad income
redization. If at time 5we are at a symmetric state again, agern 2 pays back sane part
of the Ocredit@hegot the previous period. The credit of period 2 is forgotten forever,
what matters is only who was constrained last, thus we may sa that the ecaomy
is displaying amnesia Further, after a su"cient number of periods x only takestwo
dilerent values, x'" and x", thus the consumption allocation conveilgesweakly to the
samedistribution, independently of the initi al relative Pareto weightx.’

4 Consequences and Sources of Income Inequality

This sectin examinestheinteraction of incomeinequdity and self-enfacing risk shaing
contracts in the context of the model preserted in sectim 3. To do this, three types
of simulation exerdgsesare performed. In all casesl assune that only two households
populate the village ecanomy, and that each househadOsncome may take only two
values. Househdds are allowed to be heterageneaus in either (i) the characteristics of
their income process,(ii) sane predeterminedwedth, the returns of which are bxed
each period, or (iii) their risk preferences.

The brst example illustrates the possibleadverseconsequencesf inequdity on the
welfare of the poor, even if per-capita income increasesin the ecamomy. The secad
example looks at the elects of changesin the subsistencdevel on consumption smaooth-
ing, and shaws, for example, that as the subsistencdevel increases,both the mean and

"Note that, if perfect risk sharing is selfenforcing for someset of z, denote this interval [z, Z], then
it does matter which zq is chosenby the social planner. In particular, after a su“cient number of
periods, with probability 1, the ratio of marginal utilities will be one of the following, in all periods
and states: zo if 20" [z,7], z if 20 <z, and T if 2o > T (seeKocherlakota (1996)).
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the volatilit y of the poor househddOsonsumption processdeaease. The third exam-
ple is an attempt to look at the elects of informal insurance on income smaothing. In
particular, | show that (i) the availability of informal insurance may improve e"ciency,
in the sensethat expectedincome increases,(ii) lack of wedth and/ or higher risk aver-
sion may prevernt the poor from adopting a riskier, higher yielding technology, and (iii)
informal insurance may actually creae income inequality.

All computations have beendone using the sdtware R (www.r-project.org).

4.1 Income inequality and welfare

This secticn examinesthe consequencesf inequdity on the welfare of the poor, given
that only the income of the rich changes. This meansthat we do not look at changesin
inequdity in the usud senseput rather, inequdity increasestogether with aggregate,
and per-caita, income. This exerciseis interesting becaise we put ourselvesin a dis-
advantageaus ervironmert to Pnd any adverseconseqiencesfor welfare. In particular,
| Px the income of the poor and give same additional income to the rich in each state
of the world. Therefare, if the poor is worse 0! in terms of welfare as a result, it must
samehav be due to the informal risk shaing arrangemert.®

Suppose that there are two househdds, a poor and a rich one. Both househdds
have standard constant-relativ e-risk-aversicn (CRRA) preferences,

Cll! !
with identical coe"cient of relative risk aversion (% = % % %. Both househdds
discaunt the future with discaunt factor !. Note that a higher %increasesthe demand
for insurance, while a higher ! helps enfacemen, thus allows more risk shaing (see
Ligon, Thomas, and Worrall (2002)).

The two househdds diler in their income process. The poor househdd receives
y = 15o0ry= 25, with equa probabilities, in each period. | perform a comparative

statics exercise changing the income processof the rich: starting from a situation close

8Note that in autarky, the welfare of the poor does not change, while in the perfect risk sharing
case,given xg, the welfare of the poor increasesasthe income of the rich increases(provided that with
the chosenzg, the ex-ante participation constraints are still satisped).
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to equdity, the rich getting y = 25 or y = 3.5, with equd probabilities as well, to
a situation where she is OalotO richer, eaning y = 14 ory = 15 still with eqal
probabilities, and in each period. | take stepsof 0.25, and all along | keepthe riskiness
of the income processconstant, in the sensehat its standard deviation staysthe same?
My mesasureof inequdity then is the ratio mean income of the rich over mean income of
the poor. Note onceagain that in this way, inequdity increasestogetherwith per-capita
income. To specify preferenceslet the discaunt factor ! = 0.8, and the coe"cient of
relativ e risk aversian %= 1.5 .

| usethe algorithm outlined in the appendix to Pndthe sdution of the model given
the set of parameter values above!®. The sdution, that is, the constrained-e"cient,
informal contract, is given by a set of state-dependen intervals that tell uswhat ratios
of marginal utilities are possiblein each of the four states of the world. Once these
optimal intervals have beencomputed, | allow the ecanomy to run for 200 periods, that
is, | generde a redization for the income state in each period, and let the contract tell
us the consumption of the househdds. To caculate the lifetime utilit y of the poor, |
take the last 100 periods!! Finally, to compute the expected welfare of the poor, | redo
the above simulation 5000 times. Each time | take xo = 1, that is, the sccial planner
would prefer an equd division of consumption and util ities in each period. The aim of
this simulation is to pin down one point on the Pareto-frontier, the point that will be
reached with probability 1 after a su"cient number of periods.

Figure 1 shows the expected lifetime utilit y of the poor as a function of inequdity.
Note that welf areis measured on an ordinal scde here,soonly the slopeisinformative,
the shge of the curveis not.

Figure 1 shows the main result of this subsectim: it may happen that the welfare
of the poor is decreaing with increasing inequdity and per-cagita income, even if her

SWe may alsotalk about the two householdsfacing the sameexogenousncome process,y = 1.5 or
7 = 2.5, with equal probabilities, in ead period, but the rich householdhaving someadditional bxed

reverue, that variesfrom 1 to 12.5.
100ne also needsto choosethe number of gridpoints, as the cortinuous variable z is discretized.

Here | take a grid of 1200intervals, consideringthe trade-d betweenprecison and computation time.
I Note that 100periodsis su"cient for the econony to reac the stable distribution of consumption,

regardlessof the initial relative weight, with probability very closeto one. Then, it is enough to take
100 periods to calculate lifetime utilit y, becauses'®® = 0.81%0 = 2.037¢" 19,
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Figure 1: The welfare of the poor as a function of inequdity. Welfare is expected lifetime
utilit y at the limited commitment solution, supposingthat the econony hasrun for a su“cient number
of periods to reach the stationary distribution of consumption. I'nequality is the ratio meanincome of
the poor over meanincome of the rich, and it increasestogether with per-capita income. The income
processof the poor is kept constart, and the standard deviation of the income processof the rich is

kept constart. The curve has beensmoothed to get rid o! numerical error.
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income does not change. The intuitio n behind this result is the following. As the
rich gets richer, her outside option becanes more attra ctive, thus her decision power
increasesvis-aVvis that of the poor. A secad point is that the rich behavesin a less
risk-aversefashion, sothe insurancethe poor can provide becomeslessvaluable for the
rich. Theseelects may outweigh the positive elects of higher per-cgita income and
the rich being able to bea more risk, thus the poor may be worseo! .

To seewhat is happeningto the self-erforcing level of insurance, it is usefulto look at
how the optimal intervals on x, the ratio of marginal utilities, change. Remenber that,
to achieve perfectrisk, the intervals of all four states shauld overlap, while in autarky,
each interval collapsesto one point. Thus, roughly speaing, a wider interval means
more insurance. Figure 2 shows the (natural logarithm of the) intervals in the four
income states as a function of inequdity. We seehow the intervals shrink as inequdity
increases,meaning that there is lessand lessrisk shaing betweenthe two househdds.

Onemay further examine what is behind the welfare lossof the poor in terms of her
consumption process. To do this, | compute the mean and the standard dewation of
the consumption process;to seehow they change with inequdity. Panel (a) of Figure 3
shows the mean, while panel (b) shavs the standard deviaion of the poor househddOs
consumption process,both as a function of inequdity. We seethat what causesthe
loss of welfare is higher volatilit y, which outweighs the positive € ed of the increasing
mean. Note alsothat both the mean and the standard deviation converge towards their
autarkic values, 2 and 0.5, respectively.

Let us Prally look at the constrained-e"cient Pareto frontier for two levels of in-
equdity. Figure 4 shows the Pareto frontiers for inequality = 1.5 (the rich eaning
y=250ry= 35) and inequality = 1.625 (the rich eaning y = 2750r y = 3.75),
together with the point on the Pareto frontier wherethe househdds end up with prob-
ability 1 after a su"cient number of periods. We seethat the Pareto frontier moves
outward when the rich gets richer, so a Pareto improvemen is possible. Howewer, the
poor househddOslecision power decreasessomuch that the point selectedon the Pareto
frontier for higher inequdity lies to the left of the point for lower inequdity, meaning
that the poor is worse 0!. The reasan beingthat shecan obtain lessinsurance.

To summaize, in the caseof risk shaing with limited commitment, the poor may
be more and more excludedfrom the informal insurance arrangement as the rich gets

23



3.57

3.07

2.01

1.5

Optimal intervals of In(x)

1.01

0.07

Inequality

Figure 2: The optimal intervals of In(x), the (natural logarithm of the) ratio of marginal
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Figure 3: The mean and standard deviation of the consumption processof the poor as
a function of inequdity. The curveshave been smoothed to get rid o! numerical error.

richer. This lossof insurance may causea decreaein welfare for the poor. This result
warns of the possibleadverseconsequencef growth in per-cagpita income for the welfare
of the poor, whenthe poor do not receive any of the additional income.

Empirical evidenceon the exclusian of poor househdds of risk shaing networks
includes Townsend (1994), who Pnds that landlesshousehdds are lesswell insured
in one of the three Indian villages in the study. Jalan and Ravallion (1999) reject
perfectrisk shaiing most strongly for the poorest househdds in their sample from rural
China, and estimate that 40% of income shocks the poor face are passedonto current
consumption (while for the richest househdds, only 10%). Santos and Barrett (2006)
Pnd direct evidence that the poorest househdds are excludedfrom social networks in
Ethiopia, in particular, they do not receiwe transfersin caseof a negativ e income shaock.

4.2 The subsistence level and consumpti on smoothi ng

This sectin performs ancther type of comparativ e statics exercise.In particular, keep-
ing the income processof the two househdds bxed, | change the subsistencelevel,

25



15.50 -
15.55 -
.—-.-':.-—‘-.:.—-': S dem— XL -
[ I S
15.60 - |
|
S |
2 5651 \
(o)
< [
o
Y '
O 15701
o |
f —
I |
4=
D 1575 !
= |
|
15.80 !
‘.T—T\
15.85 - U
[
[
15.90 - (|
Il

17.25 17.24 17.23 17.22 17.21 17.20 17.19 17.18 17.17

Welfare of the poor

Figure 4. Pareto frontiers for two levels of inequdity. The solid line is the Pareto frontier for
inequality = 1.5 (the rich earningy = 2.5 or y = 3.5), the dot-dashedline is the Pareto frontier for
inequality = 1.625 (the rich earning y = 2.75 or = 3.75). The poor is getting y = 1.5 or y = 2.5 in
both cases.The point on the Pareto frontier where the householdsend up with probability 1 after a

su"cient number of periods is represerted by X.

26



dended subs In this case,the utility function can be written as

it
u(e = GBI (19)
With subs> 0 preferencesre characterizedby decreaingrelativ erisk averson (DRRA).
Note that the utilit y function (19) implies that the coe"cient of relative risk aversin
IS %<Cit!cgubs>, which is decreaingin ¢; for subs> 0. Empirical evidenceon the rele-
vance of a subsistencdevel, or decreaing relativ e risk aversia, in the case of perfect
risk sharing is provided by Ogaki and Zhang (2001).

In the case of risk shaing with limited commitment, a Prst, natural result is
that, when the subsistencelevel increases su“ciently, perfect risk shaing becanes
self-enfacing. This is becaiseinsurance becanes more valuable for both houselolds.
The result follows from the fact that an increasein the subsistencdevel is equivalent
to a decreaein sane bxedrevenue, or wedth. Thus, with a higher subsisterte con-
sumption, househads behave in a more risk-aversefashion. At the limit, if in the worst
state a househddOsncome falls below the subsistencdevel, shebecanesinbnitely risk

averse.

To take a closerlook at the elect of changesin the subsistencdevel on consumption
smaoothing, consider two houselolds once again, a poor and a rich one. The poor gets
y = 15o0ry = 25, with equd probabilities, in each period, and the rich househdd
eansy = 6or y= 10 with equd probabilities as well, in each period. The subsistence
level changesbetweenO and 1.2, and | take stepsof 0.05. To specify preferencestake
%= 15and! = 0.85 Note that in this case, perfect risk shaing is self-enfacing for
subs( 0.75.

Let us brielQy consider welfare brst. Note that preferencesare changing as the
subsistencelevel changes, further, the welfare of both househdds shauld decreae as
subsistenceconsumption increases. This is what we seeindeed. Figure 5 shows the ex-
pectedlifetime utili ty of the poor (panel (a)), and the rich (panel (b)). The simulations
are conducted as in sectin 4.1, exceptthat now | keepthe income processesonstant,
but increase subsistenceconsumption from 0 to 1.2.

It is more meaningful hereto compare the properties of househddsGconsumption
processessinceincomesdo not change. Figures6 and 7 presen the mean (panel (a))
and standard deviation (panel (b)) of the consumption processof the poor and the
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Figure 5: The welfare of the poor and the rich as a function of the subsistencdevel.

rich, respectively. We seereversetrends for the two househdds. Mean consumption
and variance of consumption are both decreaing for the poor, while they both increase
for the rich. The poor Obuys@ore insurance from the rich as she gets closer to the
subsistencdevel, sacribcingmean consumption. As a result, the di'erence in expected
consumption betweenthe rich and the poor increaseswith the subsistencelevel.

When perfectrisk shaing becanesself-enfacing, we seea kink in the line represen-
ing the standard deviation of consumption (seepanel (b) of Figures6 and 7). The poor
househdd is getting relatively more insurance. As the insurance technology is better
once perfectrisk shaing is self-enfocing, aggregate risk can be shaed e"ciently, that
Is, the rich, lessrisk-aversehousehdd may bear more of the aggregate risk.

Finally, let us look at the possible consumption values for the poor in the lim-
ited commitment sdution as a function of the subsistencelevel (seebgure 8). First,
the spreal decreaesas subsistenceconsumption increases. Secad, when perfect risk
shaiing becanesself-enfacing, the possibleconsumption valuesare reducedto four, the
number of income states, and there are changesin the trends. In the asymmetric states,
the trends are reversed,and consumption valuesin all states start getting closerto the
mean. Finally, note that even when perfed risk shaing is possible,consumption is not
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constant, only the ratio of marginal utilities. This is becauseonly idiosyncrdic risk is
insured perfectly, the househdds would needa third party to insure against aggregate
risk.

4.3 Consumpti on insurance and income smoothi ng

By way of a third type of examples, this sectiln examines how (i) the possibility to
share risk, (ii) the availability of wedth that yields a bxedreverue each period, and
(iif) heterogeneaus risk preferencesmay inf3uencethe choice of production technology.
A production technology is described by the income processit generdes. We will see
that lack of insurance, and/ or lack of wedth, or higher risk aversion may lead to more
income smoothing, and thereby a lossin e"ciency.

The importance of consumption smaothin g possibilities in income decisios in low-
income ecaomies has been recanized by Morduch (1994, 1995). He convincingly
arguesthat lack of credit and insurance not only alects the ability of househdds to
smooth consumption givenincome, but also hasimportant consequence$or production
decisims. Househdds have to choose sder income generding technologiesin order to
avoid big income RBuctuations, with which they would be unable to ded. This might
causeconsiderable e"ciency losses.Howewver, Morduch (1995) doesnot formalize these
ideas, while Morduch (1994) considerslack of consumption credit.

Rosenzveig and Binswanger (1993) provide same empirical evidencethat pele
with lack of consumption smoothing instruments have to secribceexpected probts for
lessvolatile income. They look at the elect of weaher variation on the mean and
variance of farm probts using data from Indian villages, and bnd that mean probts
decreaewith weaher volatilit y for poorer househdds, but not for the rich. Kurosaki
and Fafchamps (2002) bPnd evidencethat crop choicesof househdds in Pakistan depend
on price and yield risk. Eventhough e"cient risk shaing among househdds of the same
village cannot be rejected, aggregate shacks are not insured, and risk attitudes do alect
production choices.

Modeling the casewhere househdds make production decisons taking into accaunt
that only informal insurance is available to smaoth consumption, is thus an important
problem. Herel aim to have same insights concerning the issueof income smaothing,
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setting up a generd model, but sdving only a specid case.

In generd, adding technology choice complicates substantially the problem at hand,
becaisehousehdds may switch betweenthe technologiesin any state of the world and
any time period, whether they stay in the informal risk shaiing contract or revert to
autarky. In other words, the choice of production technology to be usednext period
dependson the state of the world today. Below | construct two related examples,where
at the constrained-e"cient sdution, a househdd prefersto usethe same technology in
all states of the world. The only switching, which is costlessfor simplicity, may occur
when the househdd leavesthe risk shaiing contract, and stays in autarky theredter.
Even without sdving the generd model with possibleswitching at any time and state,
switching has to be allowed when the threatp oints are computed.

The timing is as follows. At time O, each househdd choosesa technology. Note
that each technology takesone period to yield sane income (one may have agricultural
production in mind, for example). At time 1, the state of the world, and incomes
are redized brst, accading to the technology chosenat time 0. Then each househad
may decideto stay in the risk shaing arrangemer, or deviate. In the Prst case,
each househdd makesa paymen to the other househdd as specibedby the contract,
consumption takesplace, and Pndly, each househdd also decideswhich technology to
use. In case one of the househdds deviates, no paymerts are made, each househdd
consumesher income generded by the technology she chose one period befae, and
Pndly, each househdd choosesa technology, knowing that shewill be in autarky in all
future periods. At time 2 and theredter, the same sequencef everts follows as at time
1

Let us now turn to the numericd examples. Suppose that two technologies are
available in the ecanomy, a saer onewith lower expectedincome, which we call the O&lO
technology, and a riskier, Onew@echnology with higher probts in expectaion. Both
technologies yield an independertly and identically distributed (iid) income process,
with equd probabilities for each state. Once again, income of a househdd takestwo
values, y' (low) or y" (high), thus there are four income states. The old technology
has the following payols: y' = 1.4 or y" = 2.5. The new technology yieldsy' = 1.2 or
y" = 2.9, in each period. Houselolds discaunt the future at the rate ! = 0.95, and they
both have a utilit y function of the CRRA form.
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Table 1: The welfare of the poor (no wedth) in autarky

income\technology old new
low -29.765 | -30.327
high -29.340 | -29.676

Table 2: The welfare of the rich (some wedth) in autarky

income\technology old new
low -20.346 | -20.323
high -20.204 | -20.108

Now, let uslook at two exampleswith di! erent kind of heterageneity among house-
holds. In example 1, the rich househdd has same exogenaus wedth that yields a bxed
income every period, which is in addition to the stochastic incame processfrom produc-
tion, while the poor has no wedth. In example 2, househdds di'er in their coe"cient
of relativerisk aversion. | will cdl the lessrisk aversehousehdd the rich, and the more
risk aversethe poor, abusingterminology.

Examplel. Supposethat both househddsGcoe"cient of relativ e risk aversion %=
1.5. The poor househad has no wedth, while the rich househdd possessesame assets
that yield a surereverue w = 2 each period. Sothe poor househddOsncome is y(s;),
and the rich hasw + y(s;). The sccial plannerOsbjective is

c 0.5 C 105
(o) Zzto 95" (st) < 125535 O%) ' (20)
with " (s;) = 0.25, &s;, subject to resairce and enfaceability constraints. | setxo = 3
in the sacial plannerOsbjective (20).

With theseparameter values,in autarky the poor prefersto usethe old technology,
while the rich choosesthe new technology. Tables1 and 2 show the autarky values, or
lifetime utilities, discaunted to time 1, that the poor and the rich get, respectively. In
thesetables the higher values by row, and the resulting technology choice is marked
bold.

The valuesfor the old technology are indeedhigher for the poor househdd, and the
lifetime utilit y the new technology givesis higher for the rich, for both low and high
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Table 3: The welfare of the poor (no wedth) with informal insurance

state\technology | (new,new) | (old,new)
(low,low) -29.093 -29.293
(low,high) -28.840 -29.081
(high,low) -28.840 -29.126
(high,high) -28.676 -28.946

Table 4: The welfare of the rich

(some wedth) with informal insurance

state\ technology | (newnnew) | (new,dd)
(low,low) -20.172 -20.178
(low,high) -19.997 -20.046
(high,low) -19.997 -20.022
(high,high) -19.883 -19.938

income today. From these values the threatpoints can be computed. If a househdd
chosethe technology optimal in autarky yesterda, just take the valuesfrom tables 1
and 2. When the househdd chose the other technology befae, still participating in
the risk sharing arrangemen, but deviates to autarky today, sheconsumesthe income
redization from the other technology today, while tomorrow shereceivesthe optimal
autarky valuesabove.

Now we can look at the limited commitment sdution, using thesethreatpoints. |
Pnd a simple subgame perfect equilibrium (SPE) of this inPnite game, supported by
reversin to autarky, where both househdds choose the new technology in all periods
and states. | compare the payols of a given technology choice, described by (technol-
ogy choice of the poor, technology choice of the rich) with the payo!s of a one-sided
deviation. Table 3 shaws the lifetime utilities for the poor at the limited commitment
sdution, in the four income states, described by (income of the poor, income of the
rich). Similarly, table 4 shaws the valuesfor the rich.

Table 3 tells us that (new,new) is preferred by the poor to (old,new). That is,
the poor choosesthe new technology, given that the rich does so as well, and given
the possibility of an informal risk shaing arrangemen betweenthe two househdds.
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Table 5: The welfare of the poor (high risk-aversia) in autarky

income\technology | old new
low -5.828 | -6.608
high -5.594 | -6.235

Table 6: The welfare of the rich (low risk-aversian) in autarky

income\technology old new
low -55.695 | -56.145
high -55.214 | -55.411

Table 4 shaws that the rich would still rather usethe new technology. This example
shaws that (i) the availability of insurance to smaooth consumption may indeed alect
the choice of production technology, and (ii) the poor househdd may forego higher
expected income to avoid facing more risk, because of lack of wedth coupled with
lack of insurance. Without insurance, wedth inequdity causesinequdity in expected
incomes,or, in other words, the availabilit y of the newtechnology reenfacesinequdity,
sinceit allows the wedthy to have higher expeded income from production than the
poor.

Example2. Now, neither househdd has any wedth, but the poor househdd is more
risk aversethan the rich. The poor househddOscoe"cient of relative risk aversim
% = 2.5, while for the rich % = 1.3. The sacial plannerOsbjective is

cs) M cos)
{cl(gt])(fj}:)z((st}Z:thog5t (= )< $15 X0 7503 ) (D

with " (s;) = 0.25for all s;, asbefae, subject to resairceand enfarceability constraints.
| now setx, = 0.5 in the sacial plannerOsbjective (21).

With theseparameter values,in autarky both househdds prefer the old technology.
The autarky values for the poor househdd are shown in table 5, and for the rich in
table 6.

The values for the old technology are indeed higher for both househdds for both
low and high income. From thesevalueswe can caculate the threatp oints, similarly as
for example 1. If a househad chosethe old technology in the previous period, just take
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Table 7: The welfare of the poor (high risk-aversian) with informal insurance

state\ technology | (old,new) | (new,new)
(low,low) -5.497 -5.564
(low,high) -5.339 -5.382
(high,low) -5.377 -5.382
(high,high) -5.292 -5.311

Table 8: The welfare of the rich (low risk-aversian) with informal insurance

state\ technology | (old,new) | (old,old)
(low,low) -55.116 | -55.122
(low,high) -54.540 | -54.741
(high,low) -54.697 | -54.741
(high,high) -54.322 | -54.493

the valuesfor the old technology from the tables. When the househdd chosethe new
technology befare, still participating in the risk shaing arrangemen, but deviates to
autarky today, shegetsthe payo! from the newtechnology today, while tomorrow she
receivesthe old technology values above.

These threatpoints are usedto bPnd the constrained-e"cient sdution. Given the
constrained-e"cient informal risk sharing contract, the poor househdd choosesthe old
technology in all periods and states, while the rich producesusing the new technology.
Onceagain, | compare the payo!s of a giventechnology choice, descriked by (technol-
ogy choice of the poor, technology choice of the rich) with the payo!s of a one-sided
deviation. Tables 7 and 8 shaw the lifetime utilit y for the poor and the rich, respec-
tively, in the four income states, described by (income of the poor, income of the rich),
allowing househdds to erter into an informal risk shaiing arrangemert.

We seethat the poor would rather usethe old technology given that the rich uses
the new, and that (old,new) is preferredby the rich to (old,old). This secad example
showvsaswell that the availabilit y of insuranceto smooth consumption may indeedalect
the choice of production technology. It also demmstrates that higher risk aversin
may cause more income smaoothing, thus lower expected incomes. Further, we seea
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perversea! ed of informal insurancein that it actually causesinequdity in expected
incomes. Notice that in autarky both househdds choose the same technology, and
informal insurance allows the less risk aversehousehdd to becane the OrthOthat is, to
have higher expectedincaome. In terms of welfare, however, both househdds are better
o! if they shae risk. This is trivially true, since, by dePnition, in the constrained-
e"cient sdution both househdds must be at least as well 0! as in autarky, and they
are strictly better o! if same transfersoccur in any state, which is the casehere.

As mertioned already, the generd sdution of the model of risk shaiing with lim-
ited commitment and technology choice is an interesting and di"cult task for future
reseaich. The di"cult y comesfrom the fact that, in any period and any state of the
world, a househdd may decideto switch between the available technologies, based
on the expected lifetime utilit y they provide, given that the risk shaing contract
is constrained-e"cient. But the constrained-e"cient transfersdepend also on future
technology choices. Sowe have to bnd the decision on technologies and the informal
insurance contract simultaneausly.

5 Concluding remarks

Empirical evidencefrom low income rural communities suggests the existenceof in-
formal insurance arrangemerts that achieve partial insurance. This paper has shovn
a way to model the obsened partial insurance. In particular, risk shaing contracts
were required to be self-enfecing. The numericd techniques deweloped to sdve the
model allow one to compute the allocation in parametrized ecanomies. In this paper |
have usedthese techniquesto examine same issuesrelated to income inequdity. The
importance of the possibleelects shovn by the examples, coming from the interaction
of inequdity and informal insurance contracts, is an empirica questim.

Howe\wer, the results warn of the possibleadverseconsequencesf inequdity on the
welfare of the poor, evenif an increasein inequdity only meansthat the rich get richer.
Further, we have seen that inequdity may be reinforced without insurance, when the
wedthy choose a more probtable technology, while the poor prefer the lessrisky, less
e"cient technology.

One direction for future theoretical work is to dewelop the model with more than
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one technologies. A brst attempt is made in secticn 4.3 here. This extensian would
be a very important step, sincein low-income ecanomies, production and consumption
decisins are often intertwined, because of incomplete markets. It is not optimal for
risk-aversehousehdds to maximize their expectedincome, when Pnancial instruments
or insurance contracts are not available to smooth consumption inter-temporally or
across states of nature.

The framework and methods discussedn this paper may alsobe usefulfor examining
the impact of same policy intervertion in future work, for example a micro-insurance
program, taking into accaunt existing informal arrangemernts to share risk.
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Appendix - Computation

The aim is to sdve for the decisio variables, that is, consumption ¢ (s, Xu 1), &, and
the relative weight of househdd 2 x; (s, Xy 1)*?, and for the lifetime utilit y househdd
i gets from her consumption stream being in the informal risk shaing arrangemert
Vi (st, Xy 1), &, given the state of the world today (st, Xt 1).

Debnea grid over the continuous variable x for each value of s;. Denae X the setof
gridpoints (I debre the same points for all s;). Guessa sdution for the value functions,
that is, guessV,% (s, Xy 1), & and each gridpoint. Unfortunately, the algorithm does
not converge from any initial guessfor the value functions, but the value of the perfect
risk sharing casewill do.'?

Now proceedto update the guess.Supposewe are at the n'" iteration. Let us look
at gridpoint (S, Xy 1). Three caseshave to be distinguished: (a) neither enfacemen
constraint binds, (b) the enfacemen constraint for househdd 1 binds, or (c) the en-
forcemen constraint for household 2 binds (the two constraints cannot bind at the same
time, sinceonly one of the two househdds has to make a transfer, and obviously the
resairce constraint always binds). We brst supposethat neither enfacemen constraint
binds, that is, we try to keepx constant, then we seeif we can do that or not.

(a) Neither enforcement constraint binds This is the easy case,sincex; (S, Xy 1) =
Xy 1. Sowe only have to bPnd ¢; (S, Xy 1) and ¢, (S, Xy 1), and we have two condi-
tions: u*(cy (S;, X 1)) U #(c (S, Xu 1)) = X (S, Xt 1) = Xy 1 and the resaurce constraint
C1 (S, Xt 1) + C2(St, Xu 1) = Y1(St) + Y2 (St) . Replacing for ¢; (S, Xt 1) from the resarce
constraint we have

u*(cy (5, Xu 1) u™(ya (50) + ¥2(50) $ ¢ (50, X 1)) = X¢ (8, Ko 1) = Xu 1.

2Here | outline the algorithm for two households. There is no di"cult y in extending the algorithm
to n householdstheoretically. The state spacehasto include the vector of relative weights of length
n$ 1. Howewer, in terms of computation time we facethe curse of dimensionality, and the computation

time for n large, while obtaining the allocation and utilities with acceptableprecision, is prohibitiv e.
13Characterizing the corvergenceproperties of the algorithm is left for future research. However, we

know that the algorithm doesnot corvergeto the constrained-e"cient solution from any initial guess
for the value functions. For example, if we set the initial guessequal to the autarkic values, every
iteration yields these sameautarkic values. This is natural, since autarky is also a subgameperfect
equilibrium (SPE).
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Supposing logarithmic utilit y we can easily bPnd closed form sdutions. In sum, with
u(c) = log(c), we have the following updated policy functions:

(St, Xt 1) = Xu 1

y1(S) + Y2 (St)
1+ X (S, Xy 1)

C (St Xt 1) =

y1(St) + y2(S)
1+ X (S, Xt 1)

The next stepisto chek whether either of the enfacemen constraints is violated.

Co (St, Xt 1) = X (St, Xu 1)

We can do this by verifying the wea inequdity

UG (3% ) + 1) " (St [8) V™ H (st xe (B, %0 1) ( U (8). (22

Sts1
Notice that we use V"' *(). If (22) is sdisbed &, we set V" (§, X 1) equd to the
left hand side of (22), and we are done with gridpoint (S;, X 1). If it is violated for
househdd 1, we have to proceedto (b). If (22) is violated for househdd 2, we proceed
to (c).

(b) The enforcementconstraint for householdl binds. Now wewant to bPndc, (S, X 1),
¢ (S, Xy 1), and X, (5, Xu1 1), and we havethree conditions: u(c; (S, Xu 1)) /u#(c, (S, Xu 1)) =
Xt (S, Xu 1), the resaurce congraint ¢ (S, X 1) + G (S, Xu 1) = Y1(S) + ¥2(S), and
we know that househdd 10snfacemen constraint is saisPed with equdity, that is,
u(cr (B, Xu 1) + ! g, " (St | S) VY H(Ster, X (81, Xu 1)) = UR (§). In practice,
sincex is discretized,in generd this equdity will only be saisbed approximativ ely.

Let uslook at the caseu(c) = log(c) onceagain. Now we can write an equdion
with only one unknown, X (S, Xt 1):

log (Y1 (St) + y2(St)

1+ x, (5. X 1)) + | Z" (St+1 | St) Vln! l(St+1,Xt (St, X 1)) = UfUt (51). (23)

St+1

Onceagain weuseV;" *(), but we evaluate it at the gridpoints (Sg+1, X; (S, Xut 1)), Where
the ecanomy may end up next period. Sincex is discrete, one cannot use standard
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techniquesto bPnd x; (S, Xy 1). Instead, we look for x; (S;, X 1) " X sudh that the left
hand side of (23) is as closeas possibleto U2 (§;), provided that it is weakly greater.
Once we have x; (S, Xy 1), we can easily obtain the rest of the policies. In sum, for
logarithmic utilit y, we have the policy updates

Xt (S¢, Xp 1) = (the sdution of (23))

Y1 (St) + ¥2(St)
1+ X (S, X 1)

C (S, Xt 1) =

y1(St) + ¥2(S)
1+ X (S, X 1)

C2 (St, Xtr 1) = X (St, X1 1)

Finally, we can compute

VI (8, % 1) = log(er (3, % 1) + 1 )" (Seea 1 8) VI * (Stan, Xe (81, % 1))

St+1

or the left hand side of (23), and

V3 (8, % 1) = 10g(Co (3, K 1) + 1 )" (Seea 180) V5" * (Stan, Xe (81, % 1)) -

Stel
Notice once again that we useV,"' *() on the right hand side.

(c) The enforcementconstraint for househol® binds. We proceedsymmetricdly as
in (b).

Now we are done with gridpoint (S;, Xt 1). We have to do the above steps at all
other gridpoints aswell. Then the n™" iteration is complete. We continue iterating until
the policy and value functions converge given sane convergencecriterion. For example
we stop iterating when |V" (5, % 1) $ V" ' (S, Xu 1)| < & &, for some smdl &

To obtain actual numbers for the consumption allocation and the value functions,
we have to specify the utilit y functions for the two househdds, their discaunt factor, the
initia| relative weight in the social plannerOsbjective, as well as the income processes.
Using appropriate househdd survey data, all thesecan be estimaed!*, which allows
structural testing of the model.

4Except for the initial relative weight of household2 in the sccial plannerOsbjective. But remenber
that the distribution of the conaumption allocation is independert of the initial relative weight with
probability 1, given that we are in the caseof partial insurance, and the econony has beenrunning
for a su"cien t number of periods.
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